In this paper we use the fuzzy Caputo derivatives under generalized Hukuhara difference to introduce fuzzy fractional Volterra-Fredholm integro-differential equations and prove the existence and uniqueness of the solutions for this class of fractional equations.
Introduction
It is well known that there are many phenomena in including fluid flow, electrical networks, fractals theory, control theory, optics, biology, chemistry and other sciences can be described by models that use mathematical tools of fractional calculus, i.e. the theory of derivatives and integrals of non-integer order. The concept of fuzzy numbers and arithmetic operations on it was introduced by Zadeh [11, 19] which was further enriched by Mizumoto and Tanaka [13] . The Hukuhara derivative of a fuzzy-valued function and fuzzy initial value problem was introduced in [15] and it is studied in several papers [9] . In [18] a generalization of the Hukuhara difference and also generalizations of the Hukuhara differentiability to the case of interval valued functions were presented by Stefanini and Bede. They consider several possible definitions for the derivative of an interval valued function and they study connections between them and their properties [5] . Moreover, in their recent paper [10] , the generalized differentiability concepts is introduced for fuzzy-valued functions. Also as a consequence, several properties of the concepts are investigated and they are compared to similar fuzzy differentiabilities finding connections between them. In the last decade, the fuzzy fractional calculus has been concerned by some mathematicians (see e. g. [3, 4, 8] ) . The concept of Riemann-Liouville fractional differential equations was first introduced by Agarwal et al. [1] . They have considered the Riemann-Liouville differentiability concept based on the Hukuhara differentiability to solve uncertain fractional differential equations. Sadia Arshad et al. in [7] prove some results on the existence and uniqueness of solutions of Riemann-Liouville fuzzy fractional differential equations and in [8] study the existence and uniqueness of the solution for a class of fractional differential equation with fuzzy initial value. In this way, Salahshour et al. [16] propose Riemann-Liouville differentiability by using Hukuhara difference. They adopted the fuzzy Laplace transforms method to solve fuzzy fractional differential equations. In [3] is obtained the explicit solutions of uncertain fractional differential equations under Riemann-Liouville Hukuhara differentiability using Mittag-Leffler functions. Two new uniqueness results for fuzzy fractional differential equations involving Riemann-Liouville generalized Hukuhara differentiability have been investigated in [4] with the Nagumo-type condition and the Krasnoselskii-Krein-type condition. Ref. [2] is devoted to the existence and uniqueness results for fuzzy fractional integral and integro-differential equations involving Riemann-Liouville differential operators. In this paper the fuzzy fractional Volterra-Fredholm integro-differential equation under generalized fuzzy Caputo derivative is introduced. Also we study the problems of existence and uniqueness of the solutions of this set of equations.
Preliminaries
In this section, we represent some definitions and introduce the necessary notation which will be used throughout the paper. 
u is a convex fuzzy set i. e. u((1
− λ )x + λ y) ≥ min{u(x), u(y)}, ∀x, y ∈ R, λ ∈ [0, 1],
u is upper semi-continuous on R,

{x ∈ R : u(x) > 0} is compact, where A denotes the closure of A.
The set of all fuzzy real numbers is denoted by R F .
Then from (i) to (iv), it follows that the α-level set u α is a closed interval for all α ∈ [0, 1]. For arbitrary u, v ∈ R F and k ∈ R, the addition and scalar multiplication are defined by
where d H is the Hausdorff metric defined as
Definition 2.4. [10] The generalized Hukuhara difference of two fuzzy number u, v ∈ R F is defined as follows
Definition 2.5.
[10] The generalized Hukuhara derivative of a fuzzy-valued function f : 
provided that this limit exists in the metric d. Note that if the fuzzy function f (t) is continuous in the metric d, Lebesgue integral and Riemann integral yield the same value, and also
where D stand for classic derivative . Definition 2.10.
] . The fuzzy Riemann-Liouville integral of fuzzy-valued function f is defined as following:
(I q a f )(t) = 1 Γ(q) ∫ t a f (s)ds (t − s) 1−q , a < s < t, 0 < q ≤ 1. (2.5) Definition 2.11. Let f ′ ∈ C F [a, b] ∩ L F [a, b].
The fractional generalized Hukuhara Caputo derivative of fuzzy-valued function f is defined as following:
( gH D q * f )(t) = I 1−q a ( f ′ gH )(t) = 1 Γ(1 − q) ∫ t a ( f ′ gH )(s)ds (t − s) q , a < s < t, 0 < q ≤ 1 (2.6)
Also we say that f is c f [(i) − gH]-differentiable at t 0 if
and that f is c f [ 
where 0 < q ≤ 1 is a real number and the operator gH D q * denote the Caputo fractional generalized derivative of order q , f : J × R F × R F × R F → R F is continuous in t which satisfies some assumptions that will be specified later, and
Now, we study the existence and uniqueness of solutions of problem (3.9) . To prove the main results, we need the following Lemma and hypotheses:
Proof. By using Definition 2.5 and Definition 2.11 the proof is obvious. 
and by Theorem 3.
for all 0 ≤ α ≤ 1 which proves the lemma. 2
Lemma 3.2. The initial value problem (3.9) is equivalent to one of the following integral equations:
Proof. Applying the integral operator (2.5) to both side of (3.9) , gives
Using Lemma 3.1 and Definition 2.10, gets 
According Definition 2.4 and Theorem 3.1, if u(t) be c f
[(i) − gH]-differentiable, u(t) = u 0 + 1 Γ(q) ∫ t t 0 (t − s) q−1 f (s, u(s),
Conclusions
In this paper, the existence and uniqueness results for fractional Volterra-Fredholm integro-differential equations under generalized fuzzy Caputo Hukuhara differentiability with fuzzy initial conditions are studied. Moreover, we obtained equivalent integral forms of original fuzzy fractional Volterra-Fredholm integro-differential equations which is used to investigate convergence of this set of equations. For future works, we will apply the numerical methods for approximate solution of nonlinear fuzzy fractional integrodifferential equations.
